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Model Answer

Question 1. [10= (24+3+2)+3 marks]: 1-Evaluate each of the following limits. All work

must be shown.

‘ZB — 2‘ 0
a) lim —1(0.5 mark
(a) -2t gt — o — 2 [ ][ }
— lim — 22 0.5 mark|
2" (z—2)(z +1)
= ! = 1 [1 mark]
-2 (x4 1)
r—2) if x>2
aswehave‘a:—Q‘: ( ) f B
—(z—2) ifr<?2
: . 2
(b) lim sin(3z) — 3z — @ (9) [O 5 mark}
=0 1—cos(2x) 0
Applying L' Hopital rule(= LR)
lim sin(3z) — 3z — 2 lim 3cos(3z) —3 —2x (9) [1 mark]
=0 1 —cos(2z) 70 2sin(2x) 0
_ -9 Sin(3x) —2 [1 mark]
LR a=0 4 cos(2x)
_ —9sin(0) — 2 _—2 _1[0.5 mark]
4 cos(0) 4 2
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(¢) lim lim

)[0.5 mark}, Applying L' Hopital rule(= LR)
T—00 T—00 xex _|_ T 00

2
lim 2% — fim 2ot (E) [1 mark]
oo pet g R ge” e 41 00
= lim 2 0. [0.5 mark}

LR a—00 pe® 1 Qe

2-Find the value of the constant ¢ that makes the following function continuous

9 :
f(z) = 2x+;, of >3

-4z + c, if £ <3
Solution

We need to study the continuity at the point where the function's definition is

changing (Otherwise, f(z) is continuous ). That is atz = 3: [1 mark]

lim f(z) = lim 2z —1—2 =9

z—3" z—3" €T

lim f(z) = lim—4z +c=—12 +c. [1 mark]

z—3" z—3"

In order to f(z)is continuous atz = 3, it must lim f(z) = lim f(z) = f(3).That is

z—3" z—3"

9=-12+c and c=21. [1 mark]

Question 2. [ 10= (3+2)+3+2 marks]
1- Compute the first derivative for the following:

(a) y=In(z’+9)+ tan"'(z°).
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Solution

p 3z’ 2x

y' = + -
2’ +9 142

[1.5 mark} + [1.5 mark]

(0) y=+E +1)@" +1).
, 2x(zt + 1)+ 42’ (2® + 1)
Yy = .
2(z* +1)(z" +1)

1 mark|+ |1 mark|

2- Find y/(x) for 2* — 2y + 4> = 7. Then, find an equation of the tangent line at the
point (-1,2).

Solution

First, we find y(x)implicitly. Differentiating both sides with respect to z, we get

20 — 2y —y+2yy' =0
—xy' +2yy’ =y -2z
(—z+2y)y' =y —22

y =L mark]
—x + 2y
Second, we calculate the slope at the point (-1,2):
2—2(—1 4
slope = ¢/ iy = =D = —[1 marks]
2 (=) +22) 5

Then. the equation of the tangent line at (-1,2) is
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yz%(a:+1)+2 ll markJ

3- Find a value of c satisfying the conclusion of the Rolle's Theorem for
f(x)=12>—2z+1 on [0, 1].
Solution

First, we verify that the hypotheses of the theorem are satisfied: fis differentiable
and continuous for all z [since f (z) is a polynomial and all polynomials are

continuous and differentiable everywhere|. Also, f(0) = f(1) = 1. [1 mark]
We have

f(z) =32 —1
We now look for values of ¢ such that

flc)=3c—-1=0

Solving this quadratic equation, we get ¢ = —% ~ —0.577 [not in the interval (0, 1)]
3

andc = 1 ~ 0.577 € (0,1). [1 mark]

V3

Question 3.] 10 marks] Consider the function f(r)= z' — 62" + 8z +12. Its derivative
is f'(z) = 4(z +2)(z — 1)%.

(a) Find the critical numbers of f(z). Determine the absolute extrema of f(z) on the
interval [0,2].

(b)Determine the intervals where the given function is increasing and decreasing.

(c) Determine all local extrema of the given function.

(d)Find the intervals where the graph of given function is concave up and concave
down.

(e)Find the inflection points of f(z).

Solution
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(a) [ f(z) = 4(z +2)(z —1)* = 0. Thus we have two critical numbers, z = -2 and z =1.
[0.5 mark}]

Only one critical number is in the interval [0,2] which is £ = 1. So, we compare the

values at the endpoints:

[f(0) =12, f(2) = 20, and the value at the critical number: f(1) = 15].[0.5 mark]

Since f is continuous on [0,2], then the absolute extrema must be among these three

values.

(Thus, f(2) = 20 is the absolute maximum [0.5 mark}]and

[ f£(0) = 12 is the absolute minimum. [0.5 mark]].

(b) We have: f'(z) > 0 on (—2,1){0.5 mark} U (1, ). Thus, fincreasing{()ﬁ mark}.
and [ f(z) < 0 on (-, -2). Thus, fdecreasing [1 mark]]

(c) From the above part (b), it follows from the First Derivative Test that f has a local
minimum located at z = -2 and f(-2)=-12. {1 ma,rk}

There no local maximum. [1 mark]
(d) We have f"(z) = 122* —12 = 12(2* —1).
and we get,

>0 on(—oo,—1)U(l,00) Concave up [1 mark]
<0 on(—L1) Concave down [1 mark]'

f(@) =12(z" - 1)

(e) From part (d), there are change of concavity at x=-1,1. Thus we have two

inflection points:
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(-1.f (-1))=(-1-1) is an inflection point. |1 mark| Also (1.f(1))=(1,15) is an

inflection point [1 mark] :

Question 4. [10=8+2 marks|

1- Evaluate each of the following integrals, showing all reasoning.

]2$2+x—|—4
——dx

f X

Solution

]‘2:15 —f—x—|—4 j2x+1—|— )dx = |2 —l—x—i—4ln‘ ‘ [1 mark}

1
[(42—|—4—|—ln4) (" +1+mn1)]=18+Imn4 |1 mark]

T
b dx
(b) fx4+1
Solution

x° 1 42° 1
b der = — de ==Inlz* +1|+¢ 2 marks|. (You may use the
®) f:1:4—|—1 4f$4—|—1 1 ‘ [ ] ( '

substitution u = z* +1)

(c) fo cos(z’ + 1)dz (Use a substitution with u = x° +1)
Solution

Put u = 1’ + 1. Thus du = 3z°dx [0.5 mark}and

fasQ cos(z’ +1)dz = fcos(u)d—g = ésin(u) +c= %sim(ac3 +1)+c [1.5 mark]
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f2x > —9 dz.
Solution
Put v = 2° — 9 and hence du = 2zdx [0.5 mark}
3 3
u? 2(z* —9)?
f?xm— dx—fde—? _T+C [1.5mark]
2
2 If f(z f\/1+tdt find f'(z).
Solution
fl(z) = dd f 14 ¢ dt = —f 14+¢ dt— (14 (2*)*).22 = 2z(1 + 2") [2 marks]
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