MIDTERM (1) Solution Guide

Question 1

%
(i) Determine whether the given pair of vectors is parallel qd = (1,—2,5) and b =
(3,6, 15). (2 Marks)

Vectors are parallel if they are scalar multiple i.e.

Now

(3,—6,15) = 3(1,-2,5)

Y = 34
So, @ and ? are parallel
A — R R
(i) Show that the two vectors @ = 3i and b = 65 — 2k are orthogonal. (2 Marks)
_>
a-b = (3,0,0)-(0,6,—2)

= (3)(0) +(0)(6) +0(=2) =0

%
(iti) Find the angle between the vectors @ = (0,—2,3) and b = (1,1,2) . (3 Marks)
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(v) Find equations for the line passing through the points P(1,2,—1) and Q(5, —3,4).
(3 Marks) First, a vector that is parallel to the line is

PO=(5-1,-3-24+1)=(4,-55) .
So that parametric equations for the line are
r—1=4t, y—2=-5t, and z-+1=5¢

and symmetric equations of the line are

r—1 y—2 241
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Question 2

(i) Find the velocity and position of an object at any time ¢, given that its acceleration
is
dt)=ci+etk
its initial velocity is ¢ (0) = 2 4+ 27 and its initial position is 7 (0) = 3i + J + 2k.

(4 Marks)

%
Since @ (t) = o (1), we integrate once to obtain

vt = /7(t)dt
— /[et%+e‘tl%]dt
= etf—e’t/%—i-cl

T0O) = i—k+aq
We use the given initial velocity, to determine the value of ¢;
i+2] = i—k+a
o = i+2j—i+k

= 2j+k
so this gives us the velocity

V) = ei—eth+2j+k

= i+ 2+ (1—eNk
Since T (t) = 77(15), we integrate again, to obtain
7 (t) :(/7@Mt
:‘ﬂﬁ+ﬁ+a—a%w

= 2]+ (t+ e Dk + e

T0) = i4+k+c.



We can use the given initial position to determine the value of ¢,

3i+j+2k = i+k+e
¢ = 3i+j+2%k—1—k

= 244k
This gives us the position vector

) = (42 i+ (2t +1)j+ (t+14+e Nk

(ii) Find unit tangent vector 7(75), unit normal vectors ﬁ(t) and the curvature k to

the curve defined by
%

7 (t) = costi+sint ] +tk.
(6 Marks)
(t) = —sinti+cost ]+ k.

and

H?(t)” = Vsin?t + cos?t + 1
V2.

The unit tangent vector ?(t) is

T (1)

|

(t)
[
—sint%%—costj’ +k
V2

1 .0 A -
= — <—smtz+costj +k:> :

V2

To find the unit normal vectors ﬁ(t)

|

?@ 1( ti 'tj
= — (—costi—sin
V2 /
and
— 1 1
T'(t H = —/cos?t +sin’t = —.
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Now

i = L0
7]
i <— costi — sintj)
— V2 1 = —costi—sint].
V2
Finally, the curvature is
o 5
7 (0) V22




