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Question 1:
a) (3pts) A test contains 100 true/false questions. How many ways a student can answer the questions on
the test, if the answer may be left blank?
Solution

We have three possibility for each equation: true, false, or blank. [1 mark} . S0, the number of ways

is 3" [2 marks]

b) (2pts) How many people are needed to guarantee that at least two were born on the same day of the week?

Solution
The minimum number of persons needed to ensure that at least two people born on the same

day of the week is the smallest integer N such that

= 2 The smallest such integer is

N=(2-1).7+1= 8.[2 marks}

c) (3pts) How many six characters password can be made from the 10 characters 1, 2, 3, 4, A, B, C, D, E,F,
if the password contains at least one digit?
Solution

Let P, denote the number of possible passwords. It is easier to find the number of passwords(strings) of (the

uppercase letters and digits) that are six characters long, and find those passwords with no digits. Then
subtract the later number from the first number. By the product rule, the number of strings of six characters is

10° {1 mark] and the number of strings with no digits is 6° [1 mark}. Hence, P, = 10° — 6° = 953344.
{1 mark]

Question 2 :

a) (4pts) Prove the identity

n\ /r
() G) =
Solution

By straightforward algebraic calculation, we have

(Z) (1: : l,:) where n, k and r are nonnegative integerswithr <nand k <r.
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ni|r n! rl
= . [1 mark}
[T][k] ri(n—7r)! kl(r—k)!

n!
= [1 mark}
kl(n—r)l(r—k)!
n! (n—k)!

TR =k () — )
_|n n—=k
~ &

r—k
(A combinatorial solution is also acceptable )

[1 mark}

].[1 |

b) (2pts) A man has 10 identical toys to distribute among three distinct children. How many ways
he distributes the toys such that each child receives at least 3 toys and not more than 5 toys?

Solution
Because each child receives at least three but no more than five toys, for each child there is a factor

equal to (:1:3 + 2t + a:5) in the generating function for the sequence ¢, where ¢ is the number of
ways to distribute n toys. Because there are three children, this generating function is We need the coefficient

of z'"in this product (2* + z* + 2°):

(ZE?) _|_$4 +375)3 —

=2’1+z+2°)
:xgw:xgl—x?’gl—x_glmark
T - =) Lk

2471

9 N e r
=z (l—=2 x
-7y
So, take 7 = 1 and the number of ways is equal ] = 3.[1 mark].

(We may consider this question as the number of integer solutions of the equation , + z, + xz, = 10

subject to3 <z, <5 , where z. is the number of toys received by the child number 1,
1<:<3)

Question 3:
a) (4pts) Use generating functions to solve the recurrence relation a,, = Ya,_y + Ya,_x witha. =V,a, = ).
Solution
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Let g(X) be the generating function for the sequence a . thatis, g(X) = E aﬂ:r:”
n=0
We multiply both sides of the given recurrence relation by 2" to obtain
2" =2a 1" +3a 2"
n—1 n—2
We sum both sides of the last equation starting with 72 = 2 tofind that

[o.@]

Zaw zz (20 _ 2" +3a__,z")
" —|—3Za

"+ 3:1322@”_2:1:”*2 [1 mark}

i

That is
g(x) —a, —ax = 2z(g(z) — a,) + 32°g(x)
(1—2x—32°)g(z) =7+ x — 14z

g(z) = -1 .[1 mark}
1—2z—32°
Now, using the partial fractions we get
T—-13z A n B A(1-3z)+ B(l+x)
1-22—-32> 1+z 1-3z (1+2)(1—3z)

and get A(1 — 3z) + B(1 + x) = 7 — 13z Then
A=5 and B=2. [1 mark]So

5 o0 o0
— n n 2 n n — _1 n 2. n n
g(x) o 1_3:1; z + 23 25( )" +2.3")x

0
and a = 5(—1)" +7.3".|1 mark}

b) (4pts) Solve nonhomogeneous recurrence relation a, = )+a,_, — Yoa,_v + Y together with the initial
conditions a. =Y anda, ="V.

Solution
This is a linear nonhomogeneous recurrence relation. The solutions of its associated
homogeneous recurrence relation are a = ¢ 5" + C, nb" {1 mark] , where ¢, and ¢, are constants.
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Because F(n) = 2" , we put a particular solution of the form al?) = e2", where e is a constant.

n

Substituting the terms of this sequence into the given recurrence relation implies that
e2" = 10e2""" — 25e2"% + 2" Factoring out 2" , this

4
equation becomes 4e = 20e — 25e + 4, which implies that 9e = 4, or thate = — and

aff) = 3.2".[1 mark} Then the general solutionis a_ = ¢, 5" + ¢,n5" + 3.2" [1 mark} . As

a, = 3,a, =17, we get
clzii—ézﬁand5cl—|—5cz:17—§:14—5 c:ﬁ—— S_
9 9 9 9

and the solution is of the form

2 2 4 1
0, =25 +2n5" + 22" = 1(5"(23+ 6n) +2°*%) [1 mark].
o7 3™ Tyt Ty

n

Question 4:
Given the following graph G

b
d c
a) (2pts) Give the adjacency matrix for G.
1 1 1
A, =1 0 1{[2 marks|
1 1 0

b) (2pts) How many paths from b to d are of length 3?
We calculate A‘Z,:
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3 2 2 75 5
A =12 2 1| A,=|5 3 4|1 mark]
2 1 2

2. 43

Then there are 5 paths from the vertex b to the vertex d of length 3. {1 mark]

c) (2pts) Is G Eulerian? Justify your answer.
Yes the graph is Eulerian [1 mark} , because the degree of each vertex is even

( deg(b)=4, deg(c)= deg(d)=2. [1 mark]

Question 5:
a) (2pts) A connected planar simple graph with 150 vertices and 200 edges divides the plane into how many

regions?
Solution
From Euler's formula, we have

n+r=m-+42 [1 mark} , Where n is the number of vertices, m is the number of edges and r is the

number of regions. We have n=150, m=200. Then r=m-n+2=200-150+2=52 regions[l mark}

b) (2pts) For which value of n the complete graph K,, is Eulerian?
Solution

The degree of every vertex of the complete graph K, is n-1. [1 mark] So, the degree of every vertex

of K,, is even if and only if n is odd. Hence K, is Eulerian iff n is odd [1 mark}

c) (4pts) Is the graph drawn below planar? If it is planar, redraw it without edges crossing, if no explain why?
What is the chromatic number of this graph?

a

e d

Solution
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The subgraph H of the given graph obtained by deleting the vertices a and f and all edges incident

with them is isomorphic to K&g.[l mark} . So using Kuratowski's Theorem, the given graph is nonplanar.

[1 mark]

[Another way: This graph contains no triangles (the graph is bipartite) and have m=13 edges
and n=8 vertices. Since m=13 > 2n-4=12, then the graph is nonplanar]

We may color the vertices b, ¢, d and f with one color and the other vertice by another color. So the

chromatic number of the given graph is 2. [2 marks]

d) (4pts) find the shortest path and its length between a and h in the given weighted graph.

Using Dijkstra's algorithm

S

Va
b
Ve
Ve
d
Vg
f
Vh

a b ¢ d e f g h
Eoooooooooooooo
o] i] 1 o 0 x w0
o] i} ] 4 0 x o«
Eii?)ZooooooPmarks]
of il [l 8] 2] 5 3
of o] ] [3] 2] 5 [3] o
of Il [ ] R[5 [8] »
of [ [ 3 [2 [s) [s] Isl

Hence the length of the shortest path is 5 and the this path is:

ace,g, h.[2 marks]
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TABLE 1 Useful Generating Functions.
Gix) iy
r
(1+xP =3 Cin, kit Cin. &)
k=0
=1+Cin, I)x +Clr, 2x¥ + -« 4 2"
(I +axl =3 Cln kla's! Cin, kpa*
L]
= 1+ Cin, Dax + Cim, Dals® 40+ a"x"
A
(1) = Cin, k) Cin, k/r) ifr | & 0 otherwise
=i
=1+, 1" + Cim, 2 4 o0 4 1"
_ pAtl A
b-x =EI'=]+:+:1+---+J" 1ifk = m 0 otherwise
1—x ich
Ly e
]—_—; -'g‘ =l4+x+4+x+--- |
: =ia“"x"‘=l+ﬂx+a1xl+--- at
| = ax o)
l —i;’*—ufﬂ‘* Lifr | k: 0 otherws
T P = +rwa ifr | k:0a me
: - x{.t+l1:r*—l+1:+3x’+ k+1
-x¥ &= -
: —mcmujm* Cln+k—1Lkh=Cint+k—1 1)
{]—,1'}' _k-u o {E+ oo }_ t""' =LA
= 1O N+ O+ 1, 2 e
| - i
Iy .?_:Dctnn LEN=1)x (=1FCin +k— LE)=(—1FCln+&— 1, n— 1)
=1=Cim i +Cin+1, 00— ...
[ S _ E_ f
=¥ —EC[- + k=1, kst Clm+ k= L k" =Cln+k—1n— 1
=14Cln ax +Cln+ 1, 0% +--.
ok 2 X
r"_hﬂH_l+x+i+ﬁ+--- 1) k!
a0 ] 2 ]
(=1, L S
il +x) = B =f—— = = — 4 | (=D
ik 23 4
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